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It is shown that Maxwell's vector equations are rotationally invariant

in the usual sense; that is, they assume the same vector form in each of

two orthogonal coordinate systems which experience a relative angular velocity.
This conclusion depends upon ‘the well-known invariance of the Minkowski tensor
formulation of Maxwell's equations and upon the heretofore uncertain orth-
ogonality and flatness of space-time as seen by a rotating observer. Because
there has been some question in the past regarding the curvature of the
rotating space, thig matter is first resolved by pointing out an apparently
unnoticed but, nevertheless, fundamental distinction between transformations
in space only and those in space-time. Once the properties of space-time
transformations are established, it then follows that the rotating space is

Euclidean even though time and circumferential distance undergo Lorentz

contractions. /QV’%{Ik/

Introduction

A rotational transformation to determine the form of Maxwell's equations
in a spinning system was first attempted by Schiff /1/ and later by Trocheris
/2/. In this second analysis, Trocheris attempted to modify Schiff's con-
clusions by partially accounting for the Lorentz contraction; but by not
distinguishing between tt;naformation parameters and space variables, both

essed in terms of

he and Schiff were led to field quantities which were

non=~orthogonal rotating cbordinnte systems, thus m } ﬁi the invariance of

N

Maxwell's equations. Such difficulties may ¥#%avoided by noting that the

Lorentz transformation may be applied between system k; and k2 without




altering the total curvature of the '5pe.ce as determined for the preferred,
or stationary,system kl' In other words, the curvature of the space may
alter only if we wish to eetﬁblish a second®preferred system, say kS'

It has previously been assumed that k2 may undergo accelerations
without violating the conditions of special relativity; that is, that any
changes in length only depend upon the velocity and that any differences
in elapsed time, as measured by observers in kl and k2 , depend upon the
‘ velocity and the velocity history, being unaffected by accelerationms,
except that they serve to change the velocities. This assumption, stated
very early by Einstein /3/, has recently been supported by experiments
1‘jeported by Sherwin /4/.

Relativistic rotations themselves have been studied by Thirring /5/,
Berenda /6/, Hill /7/, Mfller /8/, Rosen /9/, Risbushko and Fisher /10/,
Honl and Dehnen /11/, and Phipps /12/. Thirring, who was concerned
with the effect of rotation of distant matter upon the curvature of space,
introduced s skewed transformation (defined in the next section), equation
(23), so that his subsequent results reflect both the effect of matter and
tﬁe effect of the skewed transformation. Berenda, on the other hand, was
interested in the lorentz contraction of s rotating disk. In the course of
his analysis he employed the same transformation used by Thirring, and thus
introduced an artificial curvature into the transformed space. Hill approached
the circumferential contraction of a rotating disk by associating the tangential
velocity at the periphery of the disk with the linear velocity of an observer
in rectalinear motion, and 8o there was no attempt at studying the metric in
the rotating frame of reference. He did conclude, however, that the speed-

distance relationship for the disk must be non-linear.
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While Mfller pointed out the change in length in the circumferential
direction as a result of the motion, he negiected a term in the
associated time transformation. Rosen's study initially employed the
metric of the rotating space without the Lorentz contraction. These effect.
were then introduced in such a way as to maintain the distortion previously
found by Berenda. Risbushko and Fisher, as well as Honl and Dehnen returmed
to Thirring's skewed transformation in their investigation of rotation with-
in the general theory of relativity. Phipps misinterpreted the nature of
the lorentz transformation early in his development, and consequently was
led to an incorrect sign in his final expression.

Bince the analyses of Schiff and Trocheris seem to be the only ones
in the literature that are directly concerned with the form of Maxwell's
eq_uations, the results of the present work will be compared with theirs.
Recently Webster /13/ attempted to show that Schiff's results may be
satisfactory for a so-called first-order explanation of certain specific
problems. The present results enable these approximate solutions to be
easily replaced by exact expressions.

The Geometry of Four-Dimensional Transformations

Attention in this section will be focused upon three spaces and upon
two transformation types. We shall consider the Buclidean three-space 33 ’
in wvhich most experiments are interpreted, as s hypersurface in a four-

dimensional Euclidean space Eh , 88 well as in a four-dimensional space Rh.

Thus the hypersurface 33 is the intersection of lh and Rh , Which differ in

that the metric associated with lh is positive definite, while that associated

with Ru is not. In particular, the arc length (ds) may be represented as
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(a8)2 = (ax})? + (axP)? + ()2 + (ax*)?
in EB, and as
(ds)2 - (dx1)2 + (dx2)2 + (dx3)2 - c2(dxh)2
L

in R'« In these relations the xi are merely generic coordinates, and

¢ 1is the velocity of light as measured in the coordinate system used

to span Rh.

3 3
T3 313

and the other will be denoted by h'1‘, hT’ or tT; each trio corresponds to

One of the transformetion types will be denoted by T, or
contravariant, covariant, or mixed transformations, respectively. Individual
transformations may refer to translation, or rotation, or a combination thereof.
For brevity, only the contravariant form, which is typical of the Lorentz
transformation, will be used. Further definition of these transformations will
be deferred for the moment.

It will also prove convenient to consider five .coordinate systems: a
stationary rectangular cartesian system 14, a non-stationary rectangular
cartesian system yi, a rotating rectangular carteslian system zi, a stationary
cylindricel system xi, and a rotating cylindrical system Zi. In this
statement, and in what follows, the usual notation of differential geometry
will be used, as defined in various texts, such as Eisenhart /1%/. The
cylindrical and cartesian systems will be used té demonstrate the basic
differences between transformation types, but, for simplicity, only
regtangular cartesian systems will be used in the formulation of Maxwell's
equations.

The essential differences between transformations 5T and hT in Eh

and in Rh are demonstrable in any of the coordinate systems listed above.
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Initially a stationary cylindrical coordinate system 11 in E} and a
moving cylindrical coordinste system Z1, also in B, whose origin is
c>incident with that of Ii , and whose positive 22 axis is coincident with
the positive f? axis, will be considered. The rotation of the Z1 system '

is conventionally expressed by a relation of the tonl

2t =
z2 = 12 + wt ' eoee (1)
2’ = X°
vhere w and t represent the angular velocity and time s in .that order.

The metric associsted with Z' may be determined from (1) end the metric

associated with X', vhich is G, =1, Gy = x4y, Ggy = 1, all other

Gop

Gi 3 = 0. Upon carrying out this calculation we, of course, find that

K, =1, Ky = (zl)z, x” = 1, all other KiJ = 0,

Suppose that this computation is now carried out in Bu. The higher
space may be formed from Ez’ by adjoining the coordinate Xh, the time
variable, and setting GUI» = 1, The choice of Om’ = 1, rather than -1,

18 to avoid confusion with the space R in which G,), is negative. The
extension of relation (1) will parallel that used by Schiff if the relations
e
2ar?so 1t | ceen(2)
A
Zh = x“

are imposed.




It 18 easy to verify that by using (2) and the metric Gij, Just described,

that the metric K:I.J will have components

K=t Ky = - (@)

X,, = (Zl)a

Kz = 1 » ceee(3)

Ky =1+ w? (212,
which clearly indicates that the Z:l no longer describe an orthogonal
system.

Since (2) 1s merely a formal extension of (1), entirely divorced
of any particular physical significance, it is clear that the non-
orthogonality indicated by (3) must be due entirely to the form of (2).
This is indeed the case. The key to the trouble is that Xh played no

part in determining K, ,, 1,J = 1,2,3, in E° because it is not in E°.

1y’
Moving from the hypersurface E3 into the enveloping space Eh , however,
demands that Xh now play a role in determining X To an observer in

13°
Eh, relation (2) clearly states that the z? system is composed of

coordinates Zl, 23 , and z“ wvhich are equal to coordinates xl ’ x3 , and xl’

of the orthogonal system xi , and therefore, are themselves mutually
orthogonal. On the other hand, z2, according to (2), is a linear
combination of X2 and Xh, and hence 22 cannot be orthogonal to Zu.

A non-zero value of th and Kb,a is then to be expected, since it is
related to the cosine, in Eh, of tke angle between 22 and Zh. The nature
of X)), also reflects this non-orthogonality, as should be expected, since

a mtion along the 22 axis may be accompanied by

1. The choice G, = -1 ylelds K)) = -1 + w 2(21)2 with no change in the

remaining K:I.J'
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a motion along the Zu axis.
A similar distortion may be experienced in the case of linear trans-
lation with a constant velocity v. Suppose, for instance, that the

transformation is of the form

81')'1 ;=y3+vyh
2 2
x =y x =y

(a8)2 =(ax')2+ (ax2)? + ()2 - @ (axh)?;
it is then easy to show that

a11=322=a33=1

By, = 83 = v
2 v2

8 = ¢ (1 - :5)
and that all other a 13 = 0, such ﬁhat

(as)® = oy, ayt ayd.
Certainly this distortion is not due to motion of the matter of the
universe. It is not only contrary to experimental evidence, but it is due
entirely to the nature of the transformation.

Once the trouble arizing from (2) has been diagnosed, it can be seen
that the correct form in Eh for a transformation in Eh » Yielding the
relation imperfectly expressed in (1), is

' = ¢

P=x - ceees (5)

2 =X

Zu = Xh.
Here ¢ is viewed as a transformation parameter vhich mey take on the value
w t, but which is not assoclated with the .coordia.ntes X4 or Z¢,
Upon recalling fhat

wt =y
532

where » , not generally an integer, measures the extent of the rotation
-7 -



(v = é%-mod n, where n is the number of complete rotations, and @ 1is the
angular position in radians from the reference direction), it is evident
that sincé v 1s not a geometrical entity in E‘, neither is wt.

Although the major concern is with rotating couvrdinate systems, it is
helpful at this juncture to note that the correct form in Ea of a trans-
lational transformation corresponding to a relative motion along the x3

axis in EJ is

yla x1 y3- x3 -y

y2 w x2 Yo m

O ()]

in which ‘P'-- vt, such that ¢t represents the time during which the
relative velocity v is maintained. .

A; these examples indicate, an observer in !4 sees coordinate trans-
formations of the above type merely as coordinate shifts in the g3 hyper~
‘surface. These transformations will be defimed as type 31; i.e., trans-
formations confined to a hypersurface normal to the time axis. Transformations
which result i{n ccordinate shifts having components along the time axis will
be defined as type “T.

Based upon experience in 23, it is possible to further classify type
4? transformations into two classes: proper and skewed. Proper transformations
are hereby defined as those wherein either (a) the shift along the time axis

3

and the coordinates in E” are functionally independent, or (b) the functional

3 is an

dependence between the time coordinate and the space coordinates of E

expression of a physical theory specifically dealing with the relations

between them. All other AT transformations are deiin?d to be skewed.
This classification of transformations, in either Ea or Ra, and the

attendant restriction to proper transformations 4. form the foundation of

the remainder of the discussion. The importance of this distinction is that



it allows easy separation of those distortions of the resultant metric
which are caused by the cholce of transformation types from those which are
caused by phenomena in the physical world, such as the motion of matter in
the universe. Obviously this separation becomes a trivial problem when hT
transformations are used, because any distortion mey be ascribed entirely to
physical causes. Simplicity in the interpretation of results is, therefore,
the chief virtue of l‘T transformations.

Relativistic Transformations

Perhaps the best known, proper, h'.l‘ transformation is the Lorent:z
translational transformaetion expressing the relation between a system y:l

moving with a relative velocity v in the positive xj direction; namely,

yb o=t Y =Y (2 - vat)
2 2 h h 3 000(7)
y© =x y =y (x*-a_ x’),
in which the transformation perameters ¥ and @ , are given by
Y- (1 -+ )2 ... (8)
a = Vc-a rs

(o]
involving the velocity of light as measured by an observer in the x:l

system, along with the previously defined transformation parameter v.
As explained in the Appendix, it is also possible to define a proper
hT rotational transformation in Rh, given by
Zl = Xl Z3 = X5

---(9)
2 =70 - ax') 2=y (- a ),

vhich corresponds to an angular velocity © about the }(5 sexis. The
transformation parameters 2, @ , and Y , are defined as
-1 .2 2
a=2 "¢ v
Y= (1 - v2 c‘a)'l/2 ...(10)

r =i =4



involving the velocity of light, c, as measur >’ by an observer in the xi

system, and the locsl velocity v, which is equal to the product of the
angular velocity and the local r div:. Note that r is not identical to

either x! or zl.

[ ]
As in the case of equation (7), the curvature of the space is not
altered. In particular,
Ku' 1 l(33! 1

X, - (21)2 Xy ® —c all other Kij = 0,

At this step, this analysis departs 1 om those of Schiff and Trocheris.
Although they both displayed a non-singular relationship between the
stationary and the moving reference frames, neither appeared to appreciate its
significance; namely, that such a moving frame of reference must of necessity
span & flat lpacez. Because of this flatness it is poasible to define a
rotating, orthogonal, coordinate system that is linearly related. to the
stationary system. One such frame is that defined by (9).

Before inquiring as to the conditions necessary for the above determination
of the vector form of Maxwell's equations in a rotating system in E3, note
that the circumferential Lorentz contraction mentioned by Mgller /9/ and by
Einstein /15/ may be obtained from the inverse of (9); that is, that

r dx2 = Yr izl = r dzzl(l - v2c°2)-1/2

Reeall that x! has been chosen as the preferred, or stationary, system -

and that the Xi describe a space of zsero curvature. Thus the preferred

system is in a gravity-free region, and the geodesics of this space, which

will be denoted by S, are indeed straight lines,

2, Trocheris observed that the rotational space was flat, but did not
pursue the implications of this flatness.



The events that taeke place in Sl may be viewed by observers in
motion with respect to Sl as well as by observers at rest with respect

to Sl' Consider, for the moment, three representative observers, named

A, B, and C. Suppose A is moving along a geodesic (in this case, &
straight line) with a velocity v, and that B and C are undergoing rotation
with respect to the coordinates x , which are stationary with respect to

s let yi be the coordinates of a rectangular cartesian system moving

1°
with A, and let zi be the coordinates rotating with B and C. That the
picture of Sl svailable to B and C can be correctly determined, within
the scope of special relativity, by me;ns of (9) has been assumed by
Einstein /15/ and confirmed by the experiments reported by Sherwin.

At his position, if A's velocity is constant, he can not only observe

S, from his moving frame, but he can also compute the outcome of events in

1

Sl from variables measured in terms of y"L by means of formulas written

for Sl in terms of xi.

Clearly B and C are not so fortunate. BSuppose that B wishes to
compute the outcome of events in Sl by means of formulas written for Sl ’
but with x1 replaced by zi. His efforts will often meet with failure, as
predicted by the general theory of relativity. Tt is precisely in cases
of this sort that the relative rotation of the matter of the universe must
be teken into account. If B computes geodesics on the basis of this
relative rotation of the matter in the universe he will certalnly arrive
at geodesics different from those 1n Sl’ which geodesics now describe a

new space S It is this space 52 which Schiff erroneously associated with

2.

the moving coordinates described
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by his transformation. That he did-not arrive at S,, or any equivalent
space, is forcefully indicated by his failure to find Maxwell's equations
invariant, contrary to the fundamental postulate of the general theory
of relativity3.

Profiting by the experience of B, C may decide to record the events
in Sy in terms of the z1 coordinates avéilable to him and deduce new
formulas for determining the outcome of events in Sj, but phrased in
terms of z1. In so doing, he will obtain modified forms of Coriolis
forces, centrifugal forces, and so on. Moreover, if it were not for
the Lorentz contraction, he would obtain the Newtonian expressions for
Coriolis forces, centrifugal forces, and the like. These forces associ-
ated with rotating systéms are not directly due to the motion of distant
masses, but due to the fact that additional forces must be applied to a
particle to cause it to move slong lines vwhich are not geodesics of Sl'
Rather, their connection is indirect, in that the matter of the universe
determines the nature of the geodesics of 5.

In our determination of the form of the Maxwell equations we shall
adopt the attitude, and viewpoint, of observer C. Our desire is to abide
by the physical laws that have been found to hold in a preferred system,
as determined by general relativity, but to observe the course of events
in S; from a coordinate frame that is in rotation relative to the geodesic
coordinate system of S;. In so doing, we further wish to take cogniiance
of the Lorentz contraction in relating the view of event as seen from the
rotating system with that of the same event as viewed by a stationary

observer.

3. This fundamental postulate is frequently referred to as the Principle
of Covariance, a phrase apparently coined by Einstein. It has occasionally
been misconstrued to mean that physical law are invariant if expressed in
terms of covariant tensors. See Tolman /16/ and Fok /17/.
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Maxwell's Equations in & Rotating Coordinate System

In terms of the Minkowski tensor, defined in Rh, Mexwell's

equations assume the form /18/, /19/:

Fia,k+rjk,1+ rki,J-o ceeesssa(ll)
/2 /2 gy =, (12)
,J ﬁa e o0 00 00

where

dF,y v

dy = 13,k
and where Fi 3 = - 517 and the only non-zero components are

Fip = 133 Foy = B,

Fj3 = -5 Fa, = B veeea(13)

in wvhich Bl, Ba, B5 and El’ E2, E, are the components of the magnetic

b)
and electric fields respectively in the directions indicated by their
subscripts. In equation (12) the determinant of the metric of the
coordinate system in which (12) is to be evaluated i1s denoted by b, the
l-current vector in Rh is denoted- by Ii , and permeability is denoted by /u° .
Upon studying equations (11), (12), and (13) it becomes evident
that C need not adhere to his previous choice in the case of this
particular set of relations. He may take advantage of the fact that the
electromagnetic field vectors may be derived from a potential which
is not itself affected by an observer's measurement of it from a
set of rotating coordinates. Measuwrements found under these

circumstances will not be identical with those found by a stationary

observer, but they will define the field quantities as detected in a
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rotating system. 8Shou}d the observer be skeptical of this argument, he
may evaluste (11), (12) and (13) in 8,, as originally planned, and then
transform his findings to the rotating system. In either case he will
find that

cess (14)

v - B0
All quantities and operators appearing in (14) are deﬁned.in terms of the
rotating coordinate systenm.
All that remsins is to display the relations between field quantities
msasured by observers undergoing relative rotation. We have that, upon
using primed symbols in the moving system and unprimed in the stationary

systen,
By = x2(xBp-x2B) )r 2oy x (x’ByexiB )r 2. v c'axll’ .o (15)
B, = x (x'B, %8, )r 2+ 72 (:%B, 'R )r 2. vo 7% .. +(16)
B = YB + 70 ‘:“"z(xl'x1 + 12!2) .ee(17)
E'= xa(xz,xl-xlsz)r'ai» rxl(x]11+x232)r"2+ ra x]'B:,. «e+(18)
E,’' = -xl(lel-x 2)r'2v+ 7x2(11n1+x2E2)r'2+ e x%5 «e2(19)
E,' = VB, - 70 (=°B, + x'B)) ... (20)
f' = (2T x2.12)r‘2+ )'xz(xz -xlaz)r"2+ ra xzp .ee(21)
P = Pt PP Lyt (PP )2 ra 1) .eo(22)
LR ...(23)
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.Pl:nc-a(xa‘]l_ L) +rp eee(2h) -

For the sake of completeness, the vector relations are:

E=Q-7)3-B)v+ yE+(vxB) .«+(25)
F--7F-D3+ M-S ExH)] .+ (26)
J =T - r,?-(l-y)(:r-‘)?r ... (27)
pt =Y [p- @xT) 73] ...(28)

wherein?s(nxi)xn WithB=1C + 3P +x 0 % .

Example
Suppose that in a stationary frame of reference an electric field

in the vertical direction is imposed upoﬁ 8 circular current loop of

radius a in the horizontal plsne. If we assume zero total charge, the

only forces acting upon the loop will be in the plane of the loop.

Hence
p=0 fes 4’: dqy
I-@xa),,
v=0xa , A=k E’-L IxB an

vhich 18 to say that the current 1s composed of charge ,a_ revolving with
8 uniform angular velocity f1, and that the integral over all spece, 7,
of (p, + p.)E = p E 18 zero beceuse p = 0.

An observer in a coordinate systen{ subjected to an angular velocity
Q about & vertical axis concentric with the current loop will find,

according to equations (25) through (28), that

L, Likewise, it is possible to show that

vev-0-NiE.v)r arvd e g -y [ A+ @xD) 0]

- 15 -




flt{[f-ﬁ- na(;x;)xf] ... (29)

B {[E—J’-;—E;] ... (30)
c .
T = {9 af_(;x;) ..o (31)
v 2 2
P =- 92" //a_ .o (32).

-~

vhere k and r are unit vectors in the vertical and radial directions .

respectively.

The totel force acting on the loop is then
-t -t L | - '
F o+ F —f[,o: +JTx8 ] an
1
in which the integrand may be written as

2 2 2

ﬂ'f'+3"x§'=°{ gc, f- [i-r Qa(;xi)]

+b/2na/o_;x[§--&;-E§]
c

Q
—

c

= {2 232/0 E[f-'-(;x;)]
+ /2“/9_(1 - %‘—2) (vxB) = ap (vxB)
c

wvhich indicates that the moving observer will find a force identical to
that found by the stationary observer. |

It is interesting to notice that the so-called "second-order"
terms play an important part in establishing the result Jjust obtained.
Consequently the conservation of charge, often jJustified by first-order

approximations, must be considered in Ru in terms of the scalar

invariant

', = §2 ver (34)
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Thus the principle of conservation of charge becomes
® = constant
vhich includes the statement of the principle as given by Landau and
Lifshitz /20/. In the example of the ring current,
3.7-5 2.7 .3 - 8
vhich may be verified by substituting into (34) according to equations

(31) and (32), and the values given in the statement of the problem.

Thus N
L
pa.ap 2”,2“2.2’2_720: P2
- - cT -
2 2
_7202S2P3(1_n a)
- 02 .ZP-Z’

which demonstrates that equation (34) is satisfied.
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Concluding Remarks

To concatenate the highlights of the previous analysis, the problem of
determining the vector form of Maxwell's equations in a rotating frame in 53
by recourse to their invariant form in R4 may be recast in a somewhat simpler
form than presented thus far. First of all, this is a problem in speéial
relativity because it is concerned with the relative motion of two coordinate
systems which are dependent according to an explicit, non-singular, relations.
Secondly, the curvature of space as measured in the moving frame will be the

same as that measured in the stationary frame of reference because the tensor

equations
R%jkl - 0 ece (35)

for the components of the Riemann curvacture tensor hold for both systems,
by virtue of their explicit, nun-singular, dependence. Thirdiy, equations
(35) assure the existence of a rotating rectangular Cartesian coordinate
system which spans the space. And last, since the metric of\the rotating
rectangular Cartesian frame is of the same form as the metric of the
stationary rectangular Cartesian frame, it follows from (1l1) (12), and (13)
that equacion (14) holds in the moving system.

Although equations (15) through (24) are implied by (14), they cannot
be written down without reference to the explicit transformation relating
the two reference frames in relative rgtation. Inasmuch as the form of this
transformation in the E3 hypersurface in RA is well known and accepted, the
only outstanding question is that of the form of the transformation in Ra.
Relation (2) is rejected as being unwieldy, in terms of canclusions drawn

2

from (35), since only Z° is subjected to a pseudo=-rotation. Since (5)

reptcoentl'a non-relativistic, or Newtonian, rotation, it {s rejected in
5. One of the major problems of the general theory is the determination of the
metric of a curved space. This is because no such single-valued, one~to-one

relation can be determined. See, for example, Rainich, Chap. 5, or Synge,
Chaps. 7 and 8. ‘ : ‘
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favor of (9), which incorporates the circumferential and temporal
contractions consistent with the speciel theory of relativity. Although
the justification of the last line of (9) is more difficult than in the
case of pure translation, it follows directly from the first three, whose
physical interpretation is obvious. Details and further consideration of
possible transformations will be deferred to the Appendix.

Instead of direct relationships between (14), evaluated in a stationary
system, and (14'), say, evaluated in a moving system, relatic;nships of the
following nature exist: Given a set Ei and Bi (1 = 1,2,3), satisfying
equations (14) in & stationary system, there exists a set E,' and B,
(1 = 1,2,3) related to E, and B, according to equations (15) through (20),
such that each member of the set will satisfy a set of equations (14') which
are related to (14) according to equations (21) through (28).

To demonstrate, suppose

-2

By p-Blpg-c By mopu T

vhere B, ', E,°', T and p ' are given by (15) through (24) in terms of
B, E,, Ji, and p , which satisfy (14). Upon evaluating the left-hand
side of (29) we find that

BBz fE ) [N AP
+ (31,3 - 33,1 -c2 Ez,h) (1 -y) xb x? r'a_

+ (B ) + By + By 5) cCynsda s, I
Recalling (14), we may write '
#OJ’]' [ (xl)2 + )’(xz)a,l r'2+p.°.72 (L -7) x* x° p-2 thpY x° a
- K, [xl (xl b +x° Jz) r24 7:2 (x2 7ot J2) re +)/npx2]
cp, I
in agreement with (21). BSimilar equalities may be obtained from the
remaining equations in (14').
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Both Schiff and Trocheris considered the following paradox attributed
by Schiff to Oppenheimer:

"Consider two concentric spheres with equal and opposite total charges
' ﬁnifornly distributed over their surfaces. When the spheres are at rest,
the electric and magnetic fields outside the spheres vanish. When the
spheres are in uniform rotation about an axis through their center, the
electric field outside vanishes, while the magnetic field aoes not, since
the magnetic moment of each of the spheres is proportional to the square of
its radius. Suppose that the spheres are stetionary; then an observer
fraveling in & circular orbit around the spheres should find no field, for
since all of the components of the electromagnetic field tensor vanish in ome
coordinate system, they must vanish in all coordinate systems. On the
other hand, the spheres are rotating with respect to this observer, and so he
should experience a magnetic field."

Of course, the simplest solution to the paradox may be found in the observa-
tion that the paradox exists only if one fails to observe that the tensor
argument used in the formulation of the paradox applies only to eqphtions
(11), (12), and (13), but not to equation (14). Hence, the paradox dis-
appears vhen a proper transformation is used.

Schiff attempted a solution by neglecting second order and higher
terms in his result and by'empldying a first order perturbation calculation.

In place of relations similer to those of the stationary system, the
moving observer finds that

2 2 , 2
(El’1+E2,2+E3’3) c 70;=F°Jl =y Qxﬁop ,
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indicating that the fields he measuréc are consistent with the currents

tpd charges that can be detected. Likewise, an argument similar to that used
by Webster may be used in conjunctiop with the results’ﬁbtaincd herein to
explain unipolar induction.

Invariance of Maxwell's equations to rotation is a satisfying companion
to their invariance to translation.’ As pointed out by Trocheris, it certainly
seems reasonable that an observe.r moving with a velocityy ={lr along the
circumference of a very large circle and an observer moving with a velocity
v along a tangent to the circle should arrive at similar electromagnetic
observations at their very instant of tangency.

To be more precise, let Ve L) r as r increases to infinity. Without
any loss of éencrnlity (because of cylindrical ;ymnetry), x2 may be set
equal to zero, so that xl = r, implying that the instantaneous velocity is

in the positive xz direction. Equations (15) through (24) then become

Pl - Y(P -vc'sz) J21 - r (JZ_ VP)
e ! ~ P
H'm ¥ (H- vc'2£3) A RACTRS
Hy's H, E,' = E,
Hy'm ¥ (Hy ve E)) By m ¥ (E, 4 vy

so that the field quantities, charges, and current densities found in the
rotating system indeed approach those found in the translating system in
the limit of increasing radius r /o1/.

1f Schiff's results are rewritten in terms of an orthogonal reference
system they become identical with those obtained through the use of (5), which
is a Newtonian rotation extended to R*. Inasmuch as Trocheris considered only
motion in which 7 =2 1, the essential difference between his results and those
of Schiff lies in the choice of a different non-orthogonal coordinate

system, which accordingly demands the inclusion of 6 ~dependent
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terms. As before, these expressions may be rewritten in terms of an
orthogonal reference system. In that form the 6 -dependence no longer
appears, and formal agreement with Schiff's results 1s reached.

All three results thus require no direct appeal to the general theory
of relativity. Whether described by the present orthogonal, or the earlier
non-orthogonal, reference frame, a direct calculation shows that all
components of the Riemann curvature tensor are zero in the rotating
coordinate syste;. Thus it is evident that the off-diagonal terms found
by previous investigators indicate nothing more than a mathematically
engendered non-orthogonality. Rotational invariance of Maxwell's equations

can, as noted earlier, be proven on this basis alone.

Finally, it is possible to exhibit transformations between fixed

3

coordinate systems in E- involving transformation parameters similar to those

in equation (9). Consider, f r example,

3 3

xt = xtt X° = X!
X° = r X'2 r E' Xl|
in which the primed system diffs;s.from the unprimed only in that the
angular units vary inversely with‘;adial distance. ©Since the geometry is
independent of any choice of units, it follows that r plays the role of a

constant in the evaluation of the O X%/dx appearing in

G..=0G dx® ox8
aX'i Bx'j




Appendix
In what follows, the steps leading to (9) will be reviewed first,

and then a thought experiment, of the sort introduced by Einstein,
appropriate to a rotating frame of reference will be outlined. This
experiment 18 not essential to the foregoing development - it is
presented only for those who wish to associate (9) with such an experiment.
Underlying the justification of (9) is the observation that if two
sets of coordinates, xi and Zi, are each sufficient to describe all points
of space-time, then the Riemann curvature tensor ®  jkl in the rotating
system 1s related to X - jkl in the stationary system through

R % Jkl = R? npq Z; Xg Xf X%

since X1

xi(zk) and zi(xk), i, Xk = 1,2,3,4 are defined throughout the

space such that

. Y
XJ;:Iazi andZ:I:'aTi'

exist and are continuous everywhere. Thus R % Jkl is zero if R } Jk1

is zero, and (35) therefore applies to both coordinate systems. Moreover,
condition (35) is sufficient to assure the existence of an orthogonal
coordinate system in each case.

Coordinates Xi have been chosen to be orthogonal, consequently it
only remains to exhibit an orthogonal set of rotating coordinates Zi. In

E

such a set of rotating cylindrical coordinates must be related to a
similar stationary set by a form equivalent to the first three lines of

(36).
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zt = ¢

-7 (F vaxh) +$ cea(36)

Z3 = X3

Zh =8 x2 +b x".
Thus the problem of specifying Zi may be reduced to the problem of
specifying Zh.

By an appropriate choice of transformation parameters (36) can be
made to correspond to (2), (5), or (9). Since (2) has already been dis-
carded in favor of (5), and since (5) corresponds to a Newtonian
transformation, the existence of an orthogonsl system Z"L essentially
different from either (2) or (5) depends upon the existence of an
essentially different set of transformation parameters a, b, 7, and ¢ .

Having discarded (2), parameter ¢ may be set equal to zero by
choosing 22 equal to zero when X2 and Xh are both equal to zero. The
nature of the remaining parameters may be determined from the required
orthogonality of Zi. The determination may be shortened somewhat if a and

b are replaced by

a=-ap b =B ce e (37)
where the earlier definitions of @ and 7 are suspended. Thus

2t - -z

2.7 -t 2= ABZF + yaz

=X O =2 ves(38)

z' = B (-aX® + X) x* - A (ap? + 72"

At =78 (1-an)
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If, in the rotating frawe,

(as)2 = r, az® azd,
then

X, =0, X, ++2(39)
vhere

(as)® = o, axt axd,
From the known components of GiJ’ i.e.,

Gll = 035 =]

G,, = (Xl)2 = 12

2

Gy = -
the component of Ii 3 may be computed from (39) once the necessary
derivatives are found from (38). Thus

Ly =Ky=1

X, - R 2 -2 ?

. a2 2
Ky = A% 7 (<° 2 <%a)
Ky = A2 )’2 (r2 0 -c2).
Orthogonality will hold only if th = 0. Now if the transformation

is to be non-singular, it is necessary that A # 0 and Y B # 0. Consequently

KZ)& = 0 implies that
2

@ =rac vee (40)
=0l 2 2
According to (36), the z' and 77 axes are mutually orthogonal because
they are parallel to Il and x3 respectfully. Therefore it is necessary
to ascertain the Zh direction perpendicular to Z2 and perpendicular to the

x’ , or ztzd , plane, which is unaltered by (36). Since the choice of
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the unit of length in the Zh direction does not affect its direction,

no generality is lost by setting

Gy, = By = <
vhich yields that
-A% (-t oo (b1)

Again with no loss of generality, K22 may be'tnken equal to ra, 80
that

A2 %=1 -v eyt vee (42)
Upon dividing (41) by (42) it is evident that

Y-

vherein the choice of algebraic sigh depends upon the choice relative

rotation of the two systems. Adoption of the positive sign leads to
At-1
72 = (1 - va c-2)-1. '"(“3)

If initially 7 bad been set equal to unity, this would have
resulted in p = 1 and Q = 0, implying that only (5) is suiteble.under
such a restriction.

Recall that a, b, and 7 were defined as transformation parsmeters
in (36), so that according to (37) @, B, and 7 are also tramsformstion
parameters. Therefore, they play the role of constants in the evaluation
of X; end z,: Only in this way cen the orthogonality of the Zl system,
consistent with (35), be maintained. Finally, the substitution of the
representations found into (36) shows it to be equivalent to (9).

These conclusions may be reaffirmed by assuming that @ and 7 are

not to be treated as transformations parameters. Consider the expressions
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(z2 + nzh)

S S ¥

eoo(kh)

= 7’(ZF +a Za)

0 e Mg "ERa ¥

obtained by solving (9) for X' through X'. Their derivatives then

become

242
=x;=l ﬁ’('}'—‘rz—' Xlxz
Y
Y 8

c

L}

x: = 9;' x (a 7’x“ + 2Z2)

(o

B £ Sh

=ar

L eeee(lt
2 -y (45)

It then follows from (39) that

Ky = Kgg =1

1(21=§22x§x§+cux:xll‘
Kp = G xg xg * Gy, xg xg
X, %,

..o (46)

éﬂ
&
M
&h
e
£
ko J-"Nt‘
2
[}
o
+

K, = O Ty X, * O Ty
all other Kij = 0.
The Z' system will be orthogonal if .

Ky =Ky =Ky = 0, oo o (UT)
everywvhere. Equations (45), (46), and (47) together are satisfied only if

2. 202 . ()2

y (2 - axt) = 222 = 22,
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But these relations hold only at 22 = 0 and Zl = constant, that is,
on a hypersurface of Rh , Bo that Z1 is not orthogonal everywhere.

There is yet the possibility of redefining @, B, and 7 such that
(36), (37), (4T), may all be satisfied. If the last linme of (4k4) is

replaced by the last line of (38), then

ﬁ = (88),, 7 + ar), az*

X = (Aap),, 2+ (A7), 2
é=AB xﬁ=AYn
X12‘=Aab Xt=7A

where differentiation is indicated by a comma. In this case (47) may be
satisfied 1if
a=0".
However sz = 0 itself further demands that
x})? = ® a2, vee o (48)
Since (h8) restricts (47) to the hypersurface X - constant, this
alone shows that there is no possible choice of @ , B, and Y which
meets conditions (35), (38), and (47) throughout R‘*, unless @G, B, and
Y are recognized as transformation perameters.
Equation (9) mey also be Jjustified on physical grounds by follbwing
a line of reasoning similar to that used by Einstein /3/ in his determination
of the Lorentz transformastion for linear motion. In both linear and rotary
motion the reasoning is based upon the constancy of the velocity of light
in any di.rection, including the direction of motion, regardless of the

motion of the reference system. Time and length in the direction of
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motion may, therefore, be related in terms of the invariant velocity

of light. Before describing the experiment in rotating coordinates it

is necessary to examine the translatory experiment sufficiently carefully
to appreciate that the nature of the Lorentz cqntra.ction is entirely due
to the fact that time and length in the direction of motion are related
exclusively by means of the invariant velocity of light in a direction
parallel to the motion. Although the setting of clocks is necessary in the
trenslational experiment, it is the manner in which clocks are set that

is 11portant'§; the setting of clocks in the rotating system by means of a
light pulse from the center is of no value here because the light does

not travel parallel to the direction of motionm.

6.If synchronization of clocks were or primary concern in the case
of translation, it could be achieved in the following manner:

B}_-‘z\ Knowing the length and velocity
of the measuring rod, as seen by
the stationary observer, it is
possible to position A and B so
that a flash may be emitted from
B, at a certain time after the
observers have passed A, suth that
2 cbgerver 1, now at C,, will see the
flash at the same instant that it is seen by observer 2, now at 02. Although
the moving observers at Cl and 02 have now synchronized their clocks, their
achievement is of no help in relating time and length in terms of relative
velocity and the constant velocity of light.

2

I »

C c
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Bearing this in mind, measurements similar to the translational ones
may be performed by an observer on a rotating platform of the shape
suggested by Phipps; namely, by an n-shaped polygon such that the length
of each side is 2 R sin -, vhere R is the distance from the center to
the vertex of the angle formed by two adjacent sides of the polygon. The
axis of rotation is normal to the plane of the platform and through the
center of the p.olmn. By mounting a plane mirror at each vertex, per-
pendicular to the radius, a ray of light emitted parallel toc one side of
the polygon will propegate around, and parallel to, the periphery of the
polygon. As n —> « the polygon will approech a circle, and the nature
ol the propagation will become independent of the angular velocity. If
the polygon and the limiting process are duplicated in the stationary
system, similar measurements may be compared in a manner parallel to that
used in the case of translation. The results may be given by (9).

Clearly one cannot replace X° in the last line of (9) vy X'2 where

1'2 = 12 -2nw

n:m{n[ 21n<xz}, m=0,1,2,...
because this is to ignore the rotation through 2 n w radians which is still
included in the second line of (9). A similar change in both expressions
is equivalent to a shift of the spacial reference. Thus (9) is a single-
valued function of f .

Once the Lorentz transformation (9) for rotation has been formulated,
all clocks on the rotating platform may be re-synchronized upon a signal
from the center, and their timekeeping observed as the rotation continues.

Suppose two clocks, at equal distance from the center, are at X(CS (P) and
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x(o§ (Q) at the moment when all clocks are set and when the coordinate
systems are coincident, that is, vhen X° = O at X® = 0. Then

2@ = 7@ -ax

2@~ 7[&@-ax]
and

z* (P) = lel‘ -axX(P)+a x(o§ (P)]

2 @= 7I'- a7 @+ ax]@]

0< x(o§ <2w

With P and Q on & rigid disk,

2 (2) - X0 (B) = ¥ (@) - X0} (@) = ax*
and thus 7

Z* (P) = zl’(Q) -yl
Hence only cloc;ks at the same radius maintain synchronization with one

another.

7.8ee Ngller, p. 225.
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